1 Introduction

(a) Linear, second order.
(b) Nonlinear, first order.
(c¢) Linear, second order.

(d) Nonlinear, second order.
(e) Nonlinear, second order.

(f) Nonlinear, fourth order.
(5) a = —b?
(6)
(a) u(z,t) =z f(t) + g(t) where f and g are arbitrary functions of ¢.
(b) u(z,t) = z(1 —t2) + 2.
(7)
(a)

(b) The Laplacian operator is linear, thus the Laplacian of v(x,y) is the Laplacian of u.(x,y) (which
is 1) plus the Laplacian of u(z,y) (which is 0).

(c) v(z,y) = **sin2y + us(,y)

(a
(b

) elliptic
)

(¢) hyperbolic
)

parabolic

(d) hyperbolic

(9)
(10)
(a)
ug = 0.86uz, for0<ax < Landt >0
w(0,t) = w(L,t)=10for ¢t >0
w(z,0) = 100for0<ax <L



up = 0.86uy, for 0 <z < Landt>0
uw(0,t) = wuy(L,t)=0fort>0
u(z,0) = 100for0<a <L
(c)
u = 0.86ug, for0<zxz < Landt>0
u(0,t) = 0andu(L,t) =100 for ¢t >0
u(z,0) = 100for0<ax <L

(d) e In the first case limy_ o, u(x,t) = 10 for all 0 < z < L.
e In the second case lim;_, o u(x,t) =0 for all 0 <z < L.
e In the third case lim; o u(z,t) = 100z/L.

(1)
2
(a) Ux) = —%x2+x+1—2L+ %
) Vo) = M o
0
(c) U(z) =To
2
_gr  glw
(12) Ulw) =55 ~ 5
(13)
(a)
Uy = CPugy for0<z<30andt>0
u(0,t) = wu(30,t)=0fort >0
u(z,0) = f(x)for 0 <z <30
ut(x,0) = 0for 0 <z <30
(b)
Up = CPUgy for 0 < z < 30 and t >0
u(0,t) = wu(30,t)=0fort>0
u(z,0) = 0for 0 <a<30
u(z,0) = g(z) for 0 <2 <30
(14)
(a)
X"z)+3X'(x) —cX(z) = 0
W'y)+cY(y) = 0
(b)

X"(z) — cX'(z) + 3cX ()
T'(t) + cT(t)



X"z)—cx X(x) =
Y'(y) +eyY(y) = 0.

(d) It is not possible to separate variables in this case.

(a) This is a mathematical model of a one-dimensional rod of unit length whose ends are kept at
constant temperature of 0. The initial temperature distribution along the length of the rod is
given by sin(mx).

(b) Since the ends of the rod are kept at temperature 0 and are not insulated, in the long term all
heat energy will flow out of the rod into the surrounding environment. Thus tlim u(z,t) = 0.
—00

(c) u(x,t) = ekt sin(ma)
(16)

(a) u(z,t) = e~ /16 iy (L;) + 4e~™ " sin (2mx)

(b) u(x,t) = e~ Tt/ gin (7z) — e 9m7t/16 i (371'236)

2 1 2 2
(17) u(z,t) = e ™ 'sin (%) - 56747‘— Esin (1x) + 3¢ sin (372)
(18) The eigenfunctions are members of the set {cos(nwz/L)}5° , with corresponding eigenvalues {n?m?/L2}2° .

(19) c=n?, neN.

(2n — 1)mx

o0
5T } with corresponding eigenvalues {

(20) The eigenfunctions are members of the set {Sin
n=0

(2n —1)272 "~
(2L)? }n_O.

(21) a = —a/2, B=10b/2, and v = —a?/4 + %/4 — c.

(22) a = —b/(2a) and 8 = ¢ — b*/(4a).

(23)

2 First-Order Partial Differential Equations

(1)
(2) Both Alice and Bob are correct.
3) (a)
(b) v(z,y) =¢(y — ca) and w(z,cx + k) = [ ¢(s,cs+k)ds
(4)

1 1
(a) General solution: w(z,y) = §y2 + f(k) = §y2 + f(ze™Y) and particular solution: wu(x,y) =
1
5@/2 + x2e™Y



1
(b) General solution: wu(z,y) = ylnz — 5(111:0)2 + f(y — Inz) and particular solution u(z,y) =

L, 2 —2y
2y +z%e

(5)
(a) w(z,y) = f(2y — 3x)e™ ™
(b) u(z,y) = = f(xy)
(¢) ulw,y) = flye!/ v S ae s
(6)
(7)
(a) General solution: u(z,y) = f(2y—5x)e 3 and particular solution: u(z,y) = 22-2£3(52=20)/5 ¢og
(b) General solution: u(x,y) = f(2y — 5z)e~3% and particular solution: u(z,y) = e™7™ cos 2y_br

(¢) General solution: u(x,y) = zf(y—2/x)+z Inz and particular solution: u(z,y) = (1 - %) eTw +

2x
xlnx—xln( )
2—xy

(d) General solution: u(x,y) = f(y/z) — 4lnz and particular solution: (none)
(8) et =e" —$2+f(B,C) =e” —x2—|—f(y—ec”,x+e_z)
(9)

(10) u(z, ) ¢<ycz>+/0x¢<v,m+s>d7

(11)
12
(a) u(xay) - 3 — 4(237 —y— 1)
3
(b) u(z,y) = sin”" (;m m>
© .
r=t+s*, y= Tt In|secu + tanu| =t + In(sec1 + tan1).

(d) wlz,y)==-+z—y

(12)

S5x—2y
5



(14)

(15) pmax = 133.333 cars/kilometer
(16) ¢ = 1000 vehicles/hour
(17)
(18)

17
18
(19) = = “mTaxt
4 1
(20) to=m andx:ﬁ
3 Fourier Series
(1)
(a)
(b)
(2)
(3)
(a)
y
2.0
1.5
|
0.5
-l6 _‘4 _l2 0 2 4 6 X
(b)
-6 4 . X
F@)~ 14 51— (- +(—1)”)sin$
(c)



3

o

il

377 _% ; 3 X
Z11
3t
fa)~ -t -T4 Y {%(1 — (=1)") cos(na) — 1T ;”:)(_Dn sin(nx)]

y

-3 \\:ﬁ

sin(nzx)
= T =)
y
— 2.0 fr— —
15¢
e 1.0 e e
05
- X
-6 -4 -2 2 4 6

(@) ~ 3 n f: [sin(:;r/Q) n;rx n 2— (—1)"7;:08(71#/2) sin n72r$

. X
3 -7T i 3

sinh(am) <= [2(—1)"asinh(an) 2n(—1)"sinh(am) .
f(z) ~ B + nz::l [ (@ 02y cos(nz) — @+ ) sin(nx)
_ 1 ifn=2
an = 0 otherwise
, o 1 ifn=1
no 0 otherwise



a, = Oforalln
-2 ifn=3
b, = 2 ifn=>5

0 otherwise

1 ifn=0
an = { 1/2 ifn=2
0 otherwise
b, = O0foralln
(d)
a, = Oforalln
~1/2 ifn=1
by, = 1/2  ifn=3
0 otherwise
© )
1 ) 1 cos(2nx)
flx) = %—Fblnm— ;;74# 1

F@) ~ sin(am) N Z [Qa((;;)" sin(am) cos(nm)}
n=1

am —n?)w

even extension

odd extension

Fourier cosine series:
3 <= 2sin(nr/2)  nmax
J@)~ 5= = s

n=1

Fourier sine series:




even extension odd extension

Fourier sine series:

— 2
f(z) ~ Z 5 (mr(—l)”-l—?sin %T) sin 1%

nem 2
n=1
(c)
even extension odd extension
y y
3 3
2 2
1 1
Loy
-3 -2 -7 I 2 3 -3 27T -7 3
-1 -1
-2 -2
-3 -3

Fourier cosine series:

Fourier sine series:

even extension odd extensnon

NANE \\\F\\

N NS D N N

Fourier sine series:



even extension odd extension

y y
30 30
20 20
10 10
. . . Ly . . oy
-3 =27 -7 b1d 2 3 -3m =27 -7 b1d 2 3
-10 -10
-20 -20
-30 -30

~— ——(6+3(—1)"(n*n? — 2)) cos(n )

Fourier cosine series:

Fourier sine series:

flx) ~ Z 21" (6 — n?7?)sin(n z)

even extenS|on odd extenS|on

\AAA S )

2 3 —3n
-200 -200
-400 -400

Fourier cosine series:

f(z) ~ % sinhm — Zl ﬁ(l — (=1)"e*™) cos(nx)

Fourier sine series:

— (n*+ 47
© )
flx) ~ 2(4 — ) + Z %( (n? +3) + (=1)"(6 + n*(2 — 31%))) cos(nx)

n=1

(9) Fourier cosine series:
1 aTm - 2a n _am
f(x) ~ a(e —-1) - Z m(l — (=1)"e*) cos(nz)
Fourier sine series: -
)~ Z CETOr (=1)"e*™) sin(nx)

n=1



(10)

N A 6 ifo<z<L
f(x)_{—f(QL—x) if L<x<2L

and extend as a 4L-periodic even function to (—oo, 00).

ag
[ —
2 [F (2k — D7z
aze-1 = 7 f(z)cos —r dx
0

Therefore ¢y = ag/2 = 0 and ¢ = agg—1-

(11)

(a) Piecewise smooth

(b) Neither

(¢) Neither
(d) Piecewise continuous
)
)
)
)

(e) Piecewise smooth
(f

(g
(h) Neither (undefined on [—1,0))

Piecewise continuous

Piecewise smooth

(a)

3 =1—(=1)"  nrx
flz) ~ 5—&—;::1 - sin 5
3/2 ifz =4k
- 2 if 4k < x <4k +2
T ) 3/2 ifr=4k+2
1 ifdk+2<z<4(k+1)
where k € Z.
(b)
f(z) l+i i(l—(—l)")cosg—i(l—i-(—l)")sin@
— n2m2 2 nmw 2
3/2 if ¢ = 4k
) if 4k <z < 4k + 2
=Y 12 if ¢ = 4k + 2
w—(Ak+2) ifdk+2<z<4(k+1)
where k € Z.

10



1+ (r—1)(-1)"

I 7 1
~ === = — @ =(-1" 3 — Si
f(@) 57 1 + nz::l [nzw( (=1)") cos(nx) — sin(nx)
-1/2 if v =2km
B -1 if 2k < < (2k+ )7
o —(m+1)/2 ife=02k+ )
x—=2k+1)r fk+Dr<ax<2k+)m
where k € Z.
(d)
(14 (-1)")
flz) ~ 5 c08T + 2::2 ey sin(nz)
1/2  if x=2knw
_ cosx if2km <z < (2k+1)m
=\ —1/2 ifx=(2k+
0 it 2k+ )<z <2k+1)m
where k € Z.
()
3 = [sin(n7/2) nrx  2—(=1)" —cos(nm/2) . nmx
f@) ~ 4 + nz_:l { nmw o8 2 + nmw i 2
1 if v =4k
2 if4dk <z <4k +1
) 32 =4kt
o 1 ifdk+1<ax<4k+2
1/2 if x =4k +2
0 ifdk+2<z<d4(k+1)
where k € Z.
(f)
sinh(am) = [2(—1)"asinh(an) 2n(—1)"sinh(am) .
) ~ T T nz::l [ (a2 +n?)w cos(nz) — (a2 +n?)m sin(nz)
B e®@=2km) if (2k — V)7 < < (2k + )7
cosh(am) ifx=(2k+ 1)m
where k € Z.

11



(13) Fourier sine series:

flx) ~

Fourier cosine series:

flx) ~

o0
2
Z —— (—2n(—1)" — 2ncosn + 3n cos(2n) + sinn) sin(nz)

n:lnzﬂ—
0 ifx=—m
—2 if —r<z< -2
—-1/2 ifx=-2
1 if 2<ax<-1
0 ifx=-1
T if-l<z<l1
0 ifx=1
-1 fl<zx<?2
1/2 ifex=2
2 f2<ax<m
0 fax=m

9 2
— Y (-1 + 2nsinn — 3nsin(2
n2 ( cosn nsimmn nsm( TL))COS(HQL')

2 if —r<z< -2
~1/2 ifx=-2
-1 if 2<z<-—1
0 ifx=-1
|| if-l<z<l
0 ife=1
-1 ifl<a<?2
12 ifz=2
2 f2<aoe<n

3

~3 EZ: 2n ~r sin((2n — 1)7x)

> 1

Z4n2—1

n=1

l\D\»—t
~

g

l\.')\»—t

12



y
15F
[ F(x)
() ~ — o — S
05F
L 1 L [ L 1 Loy
=3ut -2 -7T r T 2 3
-0/5F
— —— flof —— _—
-15F
f(z) i 4 sin cos(nx)
— nr 2
F(x) i 4 sin sin(nzx)
—nm 2
<y nr 0 ifex=02k-1)r/2
> —sin - cos(nz) = 1 if 4k — /2 <z < (4k + 1)7/2
i —1 if (4k + 1)7/2 < x < (4k + 3)7/2
— 4
nz:l g sin %T sin(nz) = F(x)
e 4 k+1
Z (1 —cos(kx))
=1
x f-r<z<0 3z 1« )"
{2:c fo<z<m = 2 ;Z (1 = cos(nz))

(a)
(b)
(c)
(d)
(e)
where k € Z.
(23)
(24)
(a)
(b)
(25)

13



(26)
(27)
(28)
(29)

4 The Heat Equation
(1) u(z,t) = 40077t sin(2mx) — 2500t sin(bmx)

(2) u(z,t) =1+ 144"t cos(3mx) + 102477t cos(8mx)

[ee) 2,2
200 nm 3nm\ e Tl
3 ~=> = cos = i
(3) u(x,t) - (COS cos > sin(nmx)

= 4 4 n
200 = . (nmy e i
4 t) ~ 50+ — in(— ) ———
(4) u(z,t) + - ;sm( 5 ) - cos(nmx)
200 o= e T/ nm
5 )= n
(5) u(x,t) - ; - sin ( )sm(mrx)
(6)
(a)
U = kug,forO<x < Landt>0
u(0,t) = Ofort>0
ug(L,t) = O0fort>0
u(z,0) = f(zx)for0<z<L

2n—1
(b) up(z,t) = o~ (212Kt /(4L7) G <(712L)7m> forn=1,2,....

- 2n —1
(¢) u(x,t) = Z ane~ =1 T kt/(4L%) gy ((nQL)ms> where the a, are constants chosen so that

n=1

Fz) ~ Tia” sin ((2”;;)”) .

14



32 &L e (2n-1)*nPt/4 (2n — V)mzx
(7) u(z,t) ~ 3 Z:: 1) sin 5

oo

(8) u(x,t) ~ Z g—64m*n’t cos(dmmx)
(9)
u(z,t) = Zb e~ (e+hn?n® /L)t gjpy NTT
n=1
2
b, = Z/ sm@dx
(10)
(a)
(b)
u(z,t) = @—Fie_k”z“%/ﬁ (a cosn——i—b sinw>
2 & "L L
1 L
ag = Z/_Lf(x)d:v
1 L
an, = Z/_Lf(x)cos$dx
1 L
b, = Z/_Lf(x)sin$dx.
20 o= (—2—3(—=1)" +8cos &) _ > »
(11) u(z,t) =20 + 302 + — Z ( =1 o8 2 )e*" ™2 sin(nra)
T = n
(12)
B-A
() UG) = A+ B2
(b)
v = kvug, forO<z<L,t>0
v(0,t) = 0
v(L,t) = 0
B-—A
v(z,0) = smﬂ-—;—A %
T 2 > ((—1)”B—A —knz7'r2t/L2 . nnx
(c) (x,t)wslnf—i-f;Te sin ——
(B—Az . 1 2= ((-1)"B-A _kn2r2t/L2 . T
(d) u(z,t) ~ A+ T + sin T —|—7Tnz::1 - e sin
(13)

15



(14)

(17)

(18)

(b)
vy = kvm+%for0<az<[4andt>0
v (0,8) = 0
vy (Lt 0
Bz?
v(z,0) = f(z)- oL
]CBt ap > —kn2ﬂ2t/L2 } nmxr
(c) v(z,t) ~ - + ) + 2 ane cos (T)
(d) u(w,t) Ba? + kBt +20y i ane T cog (me)
BT A R BP P L
x? B-A L
(b)
vg = kvgforO<z<Landt>0
v(0,t) = 0
v(L,t) = 0
v(z,0) = f(z)-U(x)
(c)
~ — —knzTrzt/L2 : @
v(x,t) ;bne sm( 7 )
by = Q/L(f(:r)U(x))s'n (@) dz
S A7
[ee]
- —knzert/Lz B nmTx
() u(z,t) U(x)+nz::1bne sin (T )
(a)
(b)
_ 22
T
u(x,t) = ¢
V144t
g2
Te 14t
)= —
ut) = Gy

16



V1+4t
(20)
(21)
(a)
(b)
(¢) There is no contradiction since
(22)
(23)
(24) u(z,y,t) = e 10km’t sin(mx) sin(37y)
(25)
U1 (.T, y) =
Uz (‘rv Z/) =
U3 (‘Ta y) =
U4 (.’E, y) =
(26)

oo

W sinh(nmz) sin(nmy)
40(1 — (=1)™)
60(1 — (—=1)™)

sin(nmz) sinh(nry)

sinh(nm(1 — )) sin(nmy)

80(1 - (=1)")

o sinh(n) sin(nmz) sinh(nw(1 — y)).

(a) A1 = 2.02876 < Ag =~ 4.91318 < A3 = 7.97867 < A4 ~ 11.0855

(b)

up(z,t) = e 2! sin(A1z)
us(x, t) e 2Nt sin(Aax)
us(z,t) = e 2Nt sin(Asx)
ug(z,t) = e 2Nt sin(A42)

(27) m = —6.29218 < u(z,y) < 6.29218 = M

5 The Wave Equation

(1) u(z,t) = %cos(?t) sin(2x)

(2) u(z,t) = costsint + 3 cos(2t) sin(2z)

(3) u(z,t) = %sin(?)t) sin(3x)

17



(4) u(z,t) = cos(wt) sin(mwx) + ZL sin(27t) sin(27z) + % cos(3t) sin(3wx) + 3 cos(7t) sin(7mx)
I

n

(5) u

=1|4>

sin(nt) sin(nx)

(6) u(z,t) = cos(2t) sin(2x) — 52 Z (=1" sin(nt) sin(nx)

n=1 'fl3
®) ulz,t) = :2 g Si‘;?ﬁ cos(nt) sin(nz)
(9)
(a)
(b)
() The formal solution takes the form
_ %i — [ . ((271; 1)7r> . (3(2n8— 1)7r> i ((2n;1)w)]
MOS( (2n —1) 7rct> , ( 2n—21)7m) |
(10)

1
(11) u(a,) = 5 [67<m+ct>2 +67<zfct)2}

(12) u(z,t) = 2% [cosh(z + ct) — cosh(z — ct)]

(13) w(z,t) = % [sin(27(x + t)) + sin(2w(x — t))]

u(x,0.25)
1.0¢
05f

-3 -2 -1 1 2 3
—05F}

_1 0 L
u(x,0.75)

1.0¢
05}

-3 -2 -1 1 2 3
-05¢

-1.0¢t

18



(14) u(z,t) = % [cos(m(z — 1)) — cos(m(z +t))]

u(x,0.) u(x,0.25)

1.0 1.0

05 05

< PAN O\

3 2 -1 1 2 3 A o N2 3

05 05

1.0 1.0

u(x,0.5) u(x,0.75)

1.0 1.0

05 05
VAN /\ N\ I\
AL - AR Ao N2 3

05 05

10 10

(15) u(z,t) = % [sin(37(x +t)) + sin(3w(x — t))] + % [cos(m(x — 1)) — cos(m(z +t))]

u(x,0.) u(x,0.25)

(16) cop—1 = 0 for k € N.
(17)
(a)

19



u(x,0.) u(x,0.25)
1.0 1.0
0.5F 0.5 /\
X X
02 04 06 08 1.0 02 04 06 08 1.0
-05¢ -0.5
10t -1.0
u(x,0.5) u(x,0.75)
10 1.0
0.5¢F /\ 0.5
X X
2 04 06 08 1.0 o.zWo.s 1.0
-05¢} -0.5

10t -1.0

(b) The portion of the vibrating medium in the interval [3/4, 1] is still in the initial resting position

at t = 1/4.

(c) If 1/2 < 2 < 1 the earliest time the string at position x will be displaced is  — 1/2.

(18) T, o

/fm ) mwc(t—s) ds

(19) u(z,t) = % Z (177(1711)71)(71#15 — sin(nwt)) sin(nwz)

(20)

e—at e—at z+ct
) uwt) = -+ et + el + S [ s

e —ct

(21) u(z,t) =t+ % Z (Gt sin(nmt) sin(nrx).

(1 — cos(nmt)) sin(nmrx)

(23) u(z,t) = (1 — ) sin(nt) — (t cos(mt) + sinf;rt)) sin(mx) 2 Z sin

6 The Laplace Equation
(1)

(a) Many answers are possible.

(b) Many answers are possible.

20

+g(s))ds

-n sin(mrt)

Y sin(nmx)



(¢c) Many answers are possible.

(2) u(z,y) = Z == sinh(nmz) sin(nry)

— nsinh(nr)

(3) u(zx,y) = Z W sinh(nmz) sin(nmy)

(4) u(z,y) = Z W sin(nmz)(sinh(n7(1 — y)) + sin(nmy))

n=1

sin(mz) sinh(7(1 — y)) n i 2(1 = (—=1)™)

(5) u(z,y) = S sk sin(nrz) sinh(ny))
ni ,jT Smh";; sin(nmz) sinh(na(1 — ) + i ﬁh(m) sinh(n7z) sin(nmy)
(7)
ulz,y) = i m sin(nrz) sinh(nr(1 — y)) + i W sin(n7z) sinh(nry)
~ s S (re)sin(y) + i 2”<1 - (sfnlﬁézﬂ) sinh(n7z) sin(nry)
(8)
(9)

—~
—_
S
S~—
A

=

S
N

Il
(]2

3

Il

—
/N N

(15) v(r,0) = nio:l g (2((_732)7:2_1) + % sin (?)) cos(nf) + # sin (%) sin(nG)]
(16) wv(r,0) = i % (1 — cos n%) r" sin(nd)

3
Il
-

(17) v(r,0) =

rn/a 3sin 271777 — 2n7 cos Qn—ﬂ sin @
n2 3 3 3

21

hE

3
Il
—



=21 = (-1)")n — 2(2"+3)/3’n77 cos 20T 4 22n/3(37) sin 207

+ 3 3
o @A 1)

_ 22n/3 (2@n+3)/3(1 — (—1) )n + 2nm? cos 22T — 3 sin 22T )
an = (4n/3 _ 1) :

(20) u(z,y) = cos(mx) cosh(my)

msinh

(21) u(z,y) = Z W cosh(nmz) cos(nmy)
=1

(22) v(r,0) =ap+rsind

(23) v(r,0) =ao + g (g)s cos(50)

= Z ((2n = D+ 4(=1)") sinh(nmz) sin (@2n = Dmy
— n7r3 2n — 1)2 cosh(2nm) 2

(oo}

(25) ulwy) = 3 8(2(=1)" + (2n — 1)m) cosh(nmz) sin <(2n —- )72 - y))

2091, — 1)2
“— m2(2n — 1) cosh(3nm) 4

(26) u(z,y) = 22 +y? — a®

1 1 1
(27) u(z,y) = oty + Sy’ — Salzy

12 12 2
(28)
U(Z‘,y) = 22 -+ Z ’R_Sithnﬂ— ((—17);‘77' _ 2((_172: - 1)) sinh(’n(ﬂ' — y)) sin(nq;)
* Z nsmh mr) sinh(nz) sin(ny)
e _ n,n_2 1\ _
+ Zl 7TSiI12h nmw (( 17)1 - 2(( 171)3 1)> Sin(nx) sinh(ny).
(29)
(30)
(31)
(32)
(33)
(34)
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7 Sturm-Liouville Theory
(1) y(z) = —2%/2+ 32/2 + 2

71-3 7T2 X
(2) y(.%‘) = —%x?’ + (64_6(71_;1;:1)))) +1

(3) No nontrivial solutions.

(4) No nontrivial solutions.
an 1
() /) + 2y =0

(6) [ebm/ay/:|/+lebz/ay:0

a
(7)
(8)
(a)
(b)
(9)
(a) 922 — 662 + 119
(b) O
(c) 0
(d) 18cosh(3x) — 18sinh(3x)
(10)
(11)
(12)
(13)
(14) A\, = (2n —1)*7?/(4L?) and y,,(z) = B, sin((2n — 1)7x/(2L))
(15) ¢n(x) = —Bnmcos(nmx) + Bsin(nrx) is an eigenfunction corresponding to the eigenvalue \,, = n?m2.
(16) The eigenvalues are A, = 72 where 7, is the nth root of the Bessel function of the first kind of order
0. The corresponding eigenfunction is ¢, (x) = Jo(ynx).
(17)
(18)
(19)
(a)
(b)
()
(d)
(20)
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Various answers are possible.
Various answers are possible.
Special Functions

~ o~ o~ o~ o~ o~~~ o~ ~ o~ o~ o~ o~ o~

_ e D D D
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(a) f(x) ~ 0.769756]0()\0,1.%)4-0.661472]0()\O,Q.T)—0.282963]0()\0,3.T)—0.46433J0()\074111‘)-1-0.198712J0()\075$)+

(b) f(x) ~ 1.14652]2()\2711‘)—0.875544]2()\2721‘)-1-0.74048(]2(/\27333)—O.654457J2(/\27433)—}-0.593202(]2(/\27533)—}-

(¢) f(z) ~ 1.05095J5(\s.12)—0.821503.J5( A5 22)+0.703991.J5(\3 57) —0.627577.J5(\3.47)+0.572301.J5 (A3 52)+

(d) f(z) ~ 0.982109.J4(As17)—0.779533.J4(As.27)+0.674312.J4 (A 52) —0.605009.]4 (Mg 47)+0.554342.]4 (Mg 52)+

(14) )\3/271 ~ 449341, A3/272 ~ 772525, )\3/2’3 ~ 109041, A3/274 =~ 140662, )\3/2,5 ~~ 17.2208

(15)
(16)

(17)

(a) 0

0)

(=D*

nl
© 53 i

(d) 0

1k!(n — k)!

Jo(x)
Jj1(x)

Jj2(x)

sinx
T
sinx cosx
2 T
3sinx 3cosx sinx
3 2 z
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(a) { —%—l—%lnél ifn=1

2 ifn>1
o {F
(23)
(a) f(@)~ ni or(1 (72172}1()(\3/71 YR
(b) fla)~ ni) 8T(2 +(i72+)r1()(\3/?i 72 @)

(d) f(z) ~ Zazk—1p2k—1(l“)
k=1

(24)

(a) 51 —a%)"/2

(b) %(5333 — 3x)

(@) 2 1)1~ 7?)

(@) @~ D0 -727)

(25) f(x) ~ 0.126651P3(z) —0.0954058 P} () —0.0133263 PZ () — 0.00680953 PZ (') — 0.00353408 P (x) + - - -

791 1 7i 1 1w 45T 4 1337
(26) flz) ~ =5 Pr(@) + 5ea Py (2) + 4506 15 (0) + Geaa P (0) + epeg P (2) +
(27)
(28)

(31) [anrle*xy']/ +nx%e *y=0

BY i ta) Tera) T TE )’ Tdrat T2
(33)

L'(5+a) L5+ a) +F(5+a) » TG+a) 4 af

(34)
(35)
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(a)

(b)

()

(a)

(b)

(a) 3 Holw) + 3 Ho()
W)%M@+%m@)

(c) gHo(x) + %Hz(x) + %H;;(x)

4 s Tgn_l X
@ Z 2 (2n — <1)Z

n=1
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9 Applications of PDEs in the Physical Sciences
(1)
(2)
(3)
(4)
(5)

(a)
(b)

. )\On g xr
— 162 , g _ v
u(x, t) GL,/ ZAML /\M ( 5 1/Lt>JO(AOM/1 L)

(7) u(zx,t) = e 742 Z(A" cos(pnt) + By sin(unt))Jo ()\077” /11— z> where

n=1

2 ! 2
T /O FIL(L =€) To(Mon€)é dé

A, 4 !
B, = Py [ - @) h0, s
(8)
(9)
10071 — 3075 707179 r2r3(ri + 1) (ri41r3)p
1 = - 2 G - G
(10) o) = ST < R o (T ) - AR Y
(11) u(r,0,t) = i i [,]m <W> (A n cos(mB) + By, ,, sin(mé)) sin (C/\m’nt)] where
m=0n=1 "o 7 7 To
Ao = 2o /1 JoAonz) /7r (roz,0)do ) d
on = Hont (1 Mon))2 Jo 2 JolA0,n? —ng Toz, Z
) 1 ™
Apn = P :01()\ ))2/0 2 I (Am,nz2) (/ g(roz,0) cos(m@) d@) dz
2 1 T
Bm,n = o\ 7T(J le()\ ))2 /0 Z=]7n(>\m,nz) </ 9(7”02,9) Sin(me) da) dz

(12) u(r,0,t) = v(r,0,t) + w(r,0,t) where

- S o (57) ot (252

m=0n=1
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with

9 1
Aon T o) )2 /0 z Jo(Aonz (/Tr flroz,0) d0> dz
9 1
Am noT 7T(Jm+1(/\m n))2 A 2/ ( " nZ) <~/— f 1o 0) COS(mg) da) o
9 1
Bnn = PR G W /0 2 I (Amn2) (/ f(roz,0) sin(m0) d@) dz
nd
) = — )\m,nr 2 A . . C)\m’nt
w(r,0,t) = Z Z {Jm ( . ) (A cos(mB) + By sm(m&))sm( o )}
m=0n=1
with
R _ 2T0 1 ™
Ao = om0 /0 2 Jo(Ao.n2) (/_7r g(roz,0) d@) dz
A - 2’/“0 ! g
Am,n - C)\m,,n'/'r(Jerl()\WL,R))2 /0 ‘ Jm()\mmZ) (/;71 g(roz’ 9) COS(mG) de) dz
R B 2TO 1 T B
Bynn = o T O} 2 /0 2 I (Am,n 2) (/Wg(roz,ﬂ) sin(m@) d9> dz.
(13)
(14)
(15)
(16)

(17) u(ep,8,t) = —sin(30) i [ (4k + 1) +§§: cos(v/2k(2k + 1)t) Py, (cos cp)]
k=2

(18) u(p,0,t) = Z Z b m sin(y/n(n + 1)t)Y,* (¢, 0) where

2n+1 (n—m) /2 0
— o . —im Pm
bn,m \/47m 1) (n+m) / / <,0 9) (cos ) sin p df dp.
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()

(d)
(26)

(a)

(b)
(27) The total number of stationary states is n?.
(28)
(29)

(€ —5)

(30) p = ~ 0.323324

e2

10 Nonhomogeneous Initial Boundary Value Problems

d [, 1— et 1—et’
(2) %/ e*tcostds = 2e' cost + th cost + te sint
0

d ' 12 2 —1(43 2\2 FTs2(1 + st)? 1
dt = ——— +25(1
(3) dt/o tan™ " (s7t)(1 + st)*ds = tan™ " (¢°)(1 + t°) +/0 e +2s(1 + st) tan™ " (s°t)| ds
1
(4) u(z,t) = 5(1 — e ) sin(3x)
2 2 2 g .
(5) u(w,t) = <9 TR’ + 729 ~ 729 ) sin(3z)
1 e—(2n— 1)2¢
(6) u(z,t) §(1 —e ") sin(3z) o Z 5 sin((2n — 1)x)

2 2 2 2 4 S n(1 1)Pem)e "'t
(7) u(z,t) = <9—81—|—— >sm(31‘ —I—;Zn + D Je sin(nx)

729 729° P i+ 4
(8)
w(z,t) = (et —Da/m+1+ 1776 nil G f)_(((;_l_)?)? gy sinl(2n D)
é(l — e %) sin(3z) + Qtf;t sinz — ii n((n;znl) (e*t - e*”%) sin(nzx)
(9)
w(x,t) = (1 —cost—sint)x/m +sint + — Z n(l +n(4 Jr): ") et sin(nx)

N 81t2 — 18t +2 — 279
729

> (n? + (=1)")(e~""t — cos —1)"n? — 1)sin
$5 (0 (1) D+ (e = st

. 2
sin(8z) + 2 i+ 1)

n=1
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(10) To(t) = A ey B0 17m)e G 1)et

— — cost
177 olm 3T 177 °%
(11)
2 t+t* —sint ~t 4 sint — cost
u(z,t) = (1-— cost)x— +1—etcosz+ P msmt z(1 —cost) + ¢ etz cos cos T
2m 7r 6 s
2 oo
P ( (1) (20t =2 + 1) + 0t + 1) + (1 + (1)) (0 + 1)(n2t — 1)
n 9 cos(nx)
+ (=1)"n*(n® — 1)(n®sint — cost)) WA T 1) (2 = 1)
(12)
, 16 X (—1)(1 — e~ (@n=1)7t/4) (2n — 1)z
t — sint+ — 5
u(z,t) sint + - nz::l iz = 1)2n = 3) cos 5
. 16 i (=)™ (4 sint + (2n — 1)? [cost — e_(Q”_l)zt/‘lD (2n — 1)z
T @n-D@an-DEe 20+ 1)+ 17) 2
(13)
ertt (@) V2t oot ,
u(z,t) = e */2dz + e * /2 dz
V271 J oo V2 S (e—2t)/ V2t
1
+3 (cos(z +t) + sin(z 4 t) — e *(cosz + sinx))
(14)
(z,1) e */2 A O 2/2
u(x,t) = e z / e */dz
v2w afzn/¢* V27 J(er2t) /v

7:r+t 2s [e] r+t—2s [e’]
_22/2 e _22/9
e 2 dzds + e /2 dzds
(—z+2(t—s))/A/2(t—s) 0 V2m (z42(t—s))/+/2(t—s)

t 1
(15) u(z,t) =sinzsint + 3 cos(x —t) — 3 cos zsint

(16)
2 1 3 1 —x+t —x p
u(z,t) = coswcost+ x°t+ gt + Z(e —e ") (cos(x — t) + sin(x — 1))
1 1
- %e_x(?) cos(z —t) —sin(x —t)) — %e_x_t(sin(x +1t) —3cos(z + 1))
(17)

(2nt) — 2nsint
(18) w(x,t) = §smtsmx—|— Z (sin ZnQ—l?Sm )sin(2nx)
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u(z,t) = (—t+sint)— —|—<[ ]smt—icost) sinx
=, (2(2n — 1) sint — sin((2n — 1)t)) sin((2n — 1)z
NP Sy v (Y e (G
2\ [ 2(sin(2nt) — 2nsint)  4(sin(2nt) — 2nsint) .
+ Z ( 4n2(4n? — O (4n? —1)2x > sin(2nz)
(20)
u(z,t) = (—t+sin t)7r + cos(2t) sin(2x) + ([i + ;} sint — %cos t) sin x

(2(2n — 1) sint — sin((2n — 1)t)) .
+ Z 2n—12(2n—- 12— 1)1 sin((2n — 1)x)

n Z 2(sin(2nt) — 2nsint)  4(sin(2nt) — 2nsint)
4n2(4n? — O (4n? — 1)%rm

> sin(2nz).

11 Nonlinear Partial Differential Equations

(1) The bounded traveling wave solutions are constant solutions.

T —ct r—ct
(2) u(z,t) = Acos ——— + Bsin ——— where A and B are arbitrary constants.

N VE—a?
(3) If ¢ < B/a,
Ap
ac—f’

If ac > B, the only bounded traveling wave solution is the constant solution, which is a special case of
the solution above.

u(z,t) = Acos ((ﬁ —ac)?(z— ct)) + Bsin ((ﬁ —ace)?(z - ct)) +

(4)

(a) w? =a?k?+1

(b) w? = a?k*

(c) w=k(a— Bk?)

7 ’ U iftU<1/2
(5) U"+ U :{ 0 ifU>1/2
(6)

(a)

(b)

(7) Many results are possible.
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U -

- %(F(U) _ U+ A)

where A is an arbitrary constant. Separating the variables produces the ordinary differential equation,

1 1
- GU=-de
FU)—cU+ A %

As long as the denominator of the left-hand side does not vanish, this equation can be integrated and an
implicit solution for U(€) (and hence u(x,t)) can be found. If there exists U for which F(U)—cU+A =
0, this implies F”/(U) = 0 which contradicts the assumption that F”'(U) > 0 for all U.

U'+cU' +U-U?=0

(a) <%>2 = %(A — cosU)

(b) U(&) = 4tan™? (eﬂs—so)/\/m)
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c=0.25, t=0.5 c=0.25, t=1.

10 -5 5 10 -10 -5

5

10
c=0.75, t=0.5 c=0.75, t=1.
u u
0. 0. 0.3

-10 -5 5 10 -10 -5 5 10 -10 -5

—BUW 4 (® —a? — 29U U" —2¢(U")? = 0

Numerical Solutions to PDEs Using Finite Differences

(a) f'(1) = 1.38857
(b) E <0.0119567

(a) f'(1) =~ 1.37667
(b) E < 0.00528763

(a) £(1) ~ 0.238035
(b) E < 0.00148454
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(11)

t | w0,t) w(0.1,t) w(0.2,t) w(0.3,t) u(0.4,¢t) w(0.5,¢) w(0.6,t) w(0.7,¢) w(0.8,t) w(0.9,t) w(l,t)
0.000 | 0.0000 5.8779 19.0211 28.5317 23.5114 0.0000 -35.2671 -66.5740 -76.0845 -52.9007 0.0000
0.001 | 0.0000 6.7946  18.8844 27.1235 21.3770  -1.7634 -35.5368 -64.8025 -72.6783 -49.1681 0.0000
0.002 | 0.0000 7.5130 18.7026  25.7499 19.3487  -3.3958 -35.7164 -63.0349 -69.3834 -45.8756 0.0000
0.003 | 0.0000 8.0677 18.4707 24.4115 17.4229  -4.9041 -35.8126 -61.2746 -66.2262 -42.9450 0.0000
0.004 | 0.0000 8.4859 18.1880 23.1081 15.5959  -6.2946 -35.8317 -59.5277 -63.2196 -40.3163 0.0000
0.005 | 0.0000 8.7894  17.8560 21.8389 13.8641 -7.5735 -35.7799 -57.8012 -60.3680 -37.9428 0.0000
0.006 | 0.0000 8.9957 17.4781 20.6032 12.2237  -8.7468 -35.6637 -56.1016 -57.6702 -35.7874 0.0000
0.007 | 0.0000 9.1191  17.0585 19.4002 10.6711 -9.8203 -35.4893 -54.4347 -55.1219 -33.8202 0.0000
0.008 | 0.0000 9.1717  16.6015  18.2293 9.2026 -10.7997 -35.2631 -52.8052 -52.7169 -32.0171 0.0000
0.009 | 0.0000 9.1636 16.1119  17.0898 7.8148 -11.6905 -34.9910 -51.2167 -50.4479 -30.3582 0.0000
0.010 | 0.0000 9.1032 15.5941 15.9816 6.5040 -12.4981 -34.6788 -49.6718 -48.3072 -28.8269 0.0000

t | w(0,t) w(0.1,¢) w(0.2,t) u(0.3,t) w(0.4,¢) w(0.5,¢) u(0.6,t) w(0.7,¢t) u(0.8,t) w(0.9,¢) w(l,t)
0.000 | 1.0000  1.0000  1.0000  1.0000  1.0000  2.0000  2.0000  2.0000  2.0000  2.0000 2.0000
0.001 | 1.0000  1.0000  1.0000  1.0000  1.1100  1.9100  2.0000  2.0000  2.0000  2.0000 2.0000
0.002 | 1.0000  1.0000  1.0000  1.0121  1.1881  1.8479  1.9919  2.0000  2.0000  2.0000 2.0000
0.003 | 1.0000  1.0000  1.0013  1.0304  1.2448  1.8044  1.9798  1.9993  2.0000  2.0000 2.0000
0.004 | 1.0000  1.0001  1.0044  1.0513  1.2871  1.7733  1.9662  1.9976  1.9999  2.0000 2.0000
0.005 | 1.0000 1.0006 1.0092 1.0731 1.3194 1.7508 1.9523 1.9950 1.9997 2.0000  2.0000
0.006 | 1.0001 1.0015 1.0154 1.0944 1.3446 1.7341 1.9388 1.9917 1.9993 2.0000 2.0000
0.007 | 1.0004 1.0029 1.0229 1.1148 1.3650 1.7216 1.9262 1.9878 1.9987 1.9999  2.0000
0.008 | 1.0009 1.0049 1.0312 1.1341 1.3817 1.7120 1.9146 1.9834 1.9979 1.9998  2.0000
0.009 | 1.0017 1.0074 1.0401 1.1520 1.3957 1.7045 1.9039 1.9788 1.9968 1.9997  1.9999
0.010 | 1.0028 1.0105 1.0495 1.1688 1.4078 1.6987 1.8942 1.9741 1.9955 1.9994  1.9999

t | w0,t) w(0.1,t) u(0.2,t) w(0.3,¢) w(0.4,¢) w(0.5,¢) u(0.6,¢) u(0.7,¢t) w(0.8,¢) w(0.9,¢) w(l,?)
0.00 | 0.0000 0.3090 0.5878 0.8090 0.9511 1.0000 0.9511 0.8090 0.5878 0.3090  0.0000
0.01 | 0.0000  0.2859  0.5437  0.7484  0.8798  0.9250  0.8798  0.7484  0.5437  0.2859 0.0000
0.02 | 0.0000 0.2644 0.5030 0.6923 0.8138 0.8557 0.8138 0.6923 0.5030 0.2644  0.0000
0.03 | 0.0000  0.2446  0.4653  0.6404  0.7528  0.7915  0.7528  0.6404  0.4653  0.2446 0.0000
0.04 | 0.0000  0.2263  0.4304 05924  0.6964  0.7322  0.6964  0.5924  0.4304  0.2263 0.0000
0.05 | 0.0000 0.2093 0.3981 0.5480 0.6442 0.6773 0.6442 0.5480 0.3981 0.2093  0.0000
0.06 | 0.0000  0.1936  0.3683  0.5069  0.5959  0.6265  0.5959  0.5069  0.3683  0.1936 0.0000
0.07 | 0.0000 0.1791 0.3407 0.4689 0.5512 0.5796 0.5512 0.4689 0.3407 0.1791  0.0000
0.08 | 0.0000  0.1657  0.3151  0.4337  0.5099  0.5361  0.5099 04337  0.3151  0.1657 0.0000
0.09 | 0.0000 0.1532 0.2915 0.4012 0.4716 0.4959 0.4716 0.4012 0.2915 0.1532  0.0000
0.10 | 0.0000  0.1418  0.2696  0.3711  0.4363  0.4587  0.4363  0.3711  0.2696  0.1418 0.0000
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(12)

(13)

t| w(0,¢) w(0.1,t) w(0.2,¢) u(0.3,t) w(0.4,¢) w(0.5,t) w(0.6,¢) w(0.7,t) w(0.8,¢) w(0.9,¢t) wu(l,t)
0.00 | -1.0000  -1.0000  -1.0000  -1.0000  -1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.01 | -1.0112  -1.0022  -0.9576 -0.7889 -0.1624 0.1625 0.7890 0.9579 1.0033 1.0153 1.0178
0.02 | -0.9903 -0.9583 -0.8351 -0.5549 -0.2378 0.2381 0.5557 0.8374 0.9657 1.0129 1.0244
0.03 | -0.9289 -0.8804 -0.7305 -0.4971 -0.1641 0.1655 0.5003 0.7391 0.9031 0.9857  1.0095
0.04 | -0.8493 -0.8004 -0.6593 -0.4314 -0.1530 0.1574 0.4401 0.6793 0.8454 0.9427 0.9741
0.05 | -0.7712  -0.7257 -0.5927  -0.3882  -0.1315 0.1419 0.4059 0.6280 0.7944 0.8947  0.9282
0.06 | -0.6983 -0.6562  -0.5350  -0.3475 -0.1159 0.1353 0.3769 0.5870 0.7466 0.8458 0.8793
0.07 | -0.6312  -0.5929 -0.4821 -0.3114 -0.0994 0.1304 0.3545 0.5509 0.7027 0.7980 0.8304
0.08 | -0.5699  -0.5349 -0.4338 -0.2776  -0.0836 0.1281 0.3355 0.5190 0.6619 0.7523  0.7832
0.09 | -0.5137 -0.4818 -0.3892  -0.2463 -0.0679 0.1271 0.3194 0.4903 0.6241 0.7092  0.7383
0.10 | -0.4622 -0.4329 -0.3481 -0.2168  -0.0528 0.1273 0.3054 0.4643 0.5892 0.6689  0.6962

t | uw(0,t) w(0.1,t) w(0.2,t) u(0.3,¢t) u(0.4,t) u(0.5,¢t) w(0.6,t) w(0.7,t) w(0.8,¢t) wu(0.9,¢t) w(l,t)
0.00 | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000  1.0000
0.01 | 0.9143 0.9817 0.9961 0.9991 0.9997 0.9995 0.9986 0.9956 0.9863 0.9572  0.8666
0.02 | 0.8968 0.9569 0.9862 0.9957 0.9978 0.9966 0.9916 0.9791 0.9505 0.8947 0.8245
0.03 | 0.8793 0.9438 0.9757 0.9895 0.9925 0.9884 0.9763 0.9519 0.9105 0.8528  0.7776
0.04 | 0.8680 0.9321 0.9663 0.9810 0.9829 0.9744 0.9546 0.9216 0.8744 0.8128 0.7416
0.05 | 0.8580 0.9219 0.9562 0.9702 0.9693 0.9558 0.9299 0.8911 0.8397 0.7778 0.7083
0.06 | 0.8485 0.9116 0.9448 0.9567 0.9524 0.9344 0.9036 0.8608 0.8073 0.7454 0.6784
0.07 | 0.8385 0.9003 0.9317 0.9410 0.9332 0.9112 0.8768 0.8313 0.7767 0.7156  0.6507
0.08 | 0.8274 0.8878 0.9169 0.9234 0.9124 0.8871 0.8499 0.8027 0.7477 0.6876 0.6250
0.09 | 0.8151 0.8738 0.9006 0.9044 0.8904 0.8625 0.8232 0.7750 0.7202 0.6614 0.6010
0.10 | 0.8014 0.8584 0.8830 0.8842 0.8678 0.8377 0.7970 0.7483 0.6941 0.6366 0.5783

t | w(0,¢) w(0.1,¢) w(0.2,t) u(0.3,t) u(0.4,t) w(0.5,¢) w(0.6,¢) w(0.7,t) w(0.8,t) w(0.9,¢) w(l,t)
0.00 | 0.0000 0.8100 2.5600 4.4100 5.7600 6.2500 5.7600 4.4100 2.5600 0.8100  0.0000
0.01 | 1.1930 1.5760 2.7122 4.1203 5.2463 5.6994 5.3168 4.1789 2.6103 1.1658 0.5314
0.02 | 1.8595 2.1430 2.9266 3.9619 4.8516 5.2368 4.9322 3.9813 2.6651 1.4690 0.9541
0.03 | 2.3407 2.5383 3.1095 3.8760 4.5561 4.8591 4.6067 3.8145 2.7159 1.7232  1.2994
0.04 | 2.6847 2.8311 3.2512 3.8220 4.3332 4.5565 4.3372 3.6754 2.7600 1.9352  1.5844
0.05 | 2.9391 3.0471 3.3589 3.7830 4.1615 4.3155 4.1174 3.5611 2.7978 2.1118 1.8206
0.06 | 3.1273 3.2075 3.4385 3.7518 4.0266 4.1236 3.9401 3.4683 2.8302 2.2589  2.0168
0.07 | 3.2667 3.3260 3.4962 3.7248 3.9191 3.9705 3.7977 3.3942 2.8585 2.3817 2.1801
0.08 | 3.3693 3.4126 3.5365 3.7003 3.8323 3.8480 3.6839 3.3356 2.8836 2.4845 2.3162
0.09 | 3.4438 3.4749 3.5633 3.6773 3.7613 3.7496 3.5931 3.2899 2.9063 2.5710 2.4300
0.10 | 3.4968 3.5186 3.5798 3.6556 3.7026 3.6702 3.5208 3.2547 2.9271 2.6440 2.5254
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t | w(0,¢) w(0.1,t) w(0.2,t) u(0.3,t) wu(0.4,t) w(0.5,¢) w(0.6,¢) w(0.7,t) u(0.8,t) w(0.9,¢t) w(l,t)
0.00 | 0.0000 0.3600 0.6400 0.8400 0.9600 1.0000 0.9600 0.8400 0.6400 0.3600  0.0000
0.05 | 0.0000 0.3905 0.6776 0.8455 0.9206 0.9400 0.9206 0.8455 0.6776 0.3905 0.0000
0.10 | 0.0000 0.3951 0.6853 0.8277 0.8673 0.8703 0.8673 0.8277 0.6853 0.3951  0.0000
0.15 | 0.0000 0.3735 0.6561 0.7843 0.8048 0.7991 0.8048 0.7843 0.6561 0.3735  0.0000
0.20 | 0.0000 0.3292 0.5883 0.7139 0.7358 0.7307 0.7358 0.7139 0.5883 0.3292  0.0000
0.25 | 0.0000 0.2674 0.4871 0.6176 0.6600 0.6649 0.6600 0.6176 0.4871 0.2674  0.0000
0.30 | 0.0000 0.1936 0.3636 0.4993 0.5749 0.5966 0.5749 0.4993 0.3636 0.1936  0.0000
0.35 | 0.0000 0.1140 0.2315 0.3659 0.4763 0.5175 0.4763 0.3659 0.2315 0.1140  0.0000
0.40 | 0.0000 0.0352 0.1037 0.2266 0.3604 0.4177 0.3604 0.2266 0.1037 0.0352  0.0000
045 | 0.0000 -0.0352 -0.0105 0.0900 0.2254  0.2893 02254  0.0900 -0.0105 -0.0352 0.0000
0.50 | 0.0000 -0.0907 -0.1058  -0.0379 0.0725 0.1289 0.0725  -0.0379  -0.1058  -0.0907 0.0000

(15) —Tngfll +2(1+ r2)u‘g+1 - r2ugj_rll = rzug_l +2(2- r2)ug + TQuZH — Quz_l

(16)

(17)
Y Y R RN NN NN
0 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
1| -1.7500 0.1667 0.8000 0.8000 0.8333 0.2000 -0.5000 1.6000
2 | -1.5917 0.7306 0.8933 1.1200 1.4000 0.5267 0.1000 1.8267
3 1-1.7093 0.7764 0.8286 1.1731 1.5611 0.6587  0.2367 2.1240
4 1-1.7370 0.7924 0.8252 1.2738 1.6307 0.6779 0.3243 2.1942
5| -1.7418 0.7907 0.8321 1.3129 1.6619 0.6912 0.3670 2.2458
6 | -1.7397 0.7925 0.8360 1.3386 1.6803 0.6988  0.3897 2.2683
7-1.7391 0.7922 0.8378 1.3507 1.6903 0.7033  0.4017 2.2817
8 | -1.7386 0.7924 0.8390 1.3579 1.6956 0.7056  0.4081 2.2885
9 ]-1.7384 0.7924 0.8395 1.3615 1.6985 0.7069 0.4116 2.2923
10 | -1.7382 0.7924 0.8398 1.3635 1.7000 0.7076 0.4134 2.2943
11 | -1.7381 0.7924 0.8400 1.3646 1.7009 0.7080 0.4145 2.2954
12 | -1.7381 0.7924 0.8401 1.3652 1.7013 0.7082 0.4150 2.2960
13 | -1.7381 0.7924 0.8401 1.3655 1.7016 0.7083 0.4153 2.2963
14 | -1.7381 0.7924 0.8402 1.3657 1.7017 0.7083  0.4155 2.2965

(18)
T T R
0 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
1| -1.7500 0.4583 0.7083 0.6167 1.0542 0.5525 -0.3458 1.8650
2 | -1.6875 0.7569 0.7489 1.0119 1.5297 0.6557 0.2192 2.1522
3| -1.7520 0.7946 0.8159 1.2624 1.6477 0.6927 0.3536 2.2527
4 | -1.7447 0.7936 0.8323 1.3334 1.6852 0.7035 0.3965 2.2830
51 -1.7403 0.7928 0.8378 1.3558 1.6967 0.7069  0.4097 2.2924
6| -1.7388 0.7925 0.8395 1.3628 1.7003 0.7079 0.4138 2.2954
71 -1.7383 0.7924 0.8400 1.3649 1.7014 0.7083 0.4151 2.2963
8 | -1.7381 0.7924 0.8401 1.3656 1.7017 0.7084 0.4155 2.2965
9 |-1.7381 0.7924 0.8402 1.3658 1.7018 0.7084 0.4156 2.2966

(19) The linear system can be expressed as Au = b where matrix A is as shown in Eq. (12.29). The vector
b = by + by + b3 where

b; =

by =

(fllv"'ﬂfll\/'fhflza...7f]2\7717"'7 1]\4717"" ]]\f\/[:ll)T
h2
ﬁ((Af)iv’(Af)}V—la(Af)%aa(AfﬁV—la
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and by = g4 + g where g4 and g may be found in Eqgs. (12.30) and (12.31) respectively.

Choose N = M = 10 which implies h = 1/10. The homogeneous Neumann boundary condition
along the edge where x = 1 implies that u?V_H = uy_, for j =1,2,...,M — 1. Likewise homo-
geneous Neumann boundary condition along the edge where y = 1 implies that uZMH = uf\/l ! for
i=1,2,...,N —1. With e = 107 the Gauss-Seidel method requires 400 iterations from an initial
approximation of u(®) = 0 to converge to the solution in the table below.

9

0

1

2

3

4

5

6

7

8

9

10

—
O O 00O UL WD = O

2.7183
2.4596
2.2255
2.0138
1.8221
1.6487
1.4918
1.3499
1.2214
1.1052
1.0000

2.4596
2.2851
2.1105
1.9445
1.7899
1.6482
1.5198
1.4056
1.3077
1.2312
1.1907

2 sin

2.2255
2.1105
1.9871
1.8636
1.7450
1.6342
1.5335
1.4452
1.3726
1.3213
1.3003

3

- 2 (N-1)w

2N

2.0138
1.9445
1.8636
1.7780
1.6923
1.6102
1.5348
1.4690
1.4163
1.3810
1.3680

1.8221
1.7899
1.7450
1.6923
1.6359
1.5796
1.5265
1.4798
1.4426
1.4183
1.4097

38

1.6487
1.6482
1.6342
1.6102
1.5796
1.5457
1.5117
1.4809
1.4561
1.4399
1.4342

1.4918
1.5198
1.5335
1.5348
1.5265
1.5117
1.4939
1.4761
1.4611
1.4510
1.4474

1.3499
1.4056
1.4452
1.4690
1.4798
1.4809
1.4761
1.4685

1.461
1.4555
1.4536

1.2214
1.3077
1.3726
1.4163
1.4426
1.4561
1.4611
1.4610
1.4588
1.4566
1.4557

1.1052
1.2312
1.3213
1.3810
1.4183
1.4399
1.4510
1.4555
1.4566
1.4564
1.4562

1.0000
1.1907
1.3003
1.3680
1.4097
1.4342
1.4474
1.4536
1.4557
1.4562
1.4562



