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Previous Work

» Studied the asymptotic behavior of pioneer/climax species
interactions.

X'(t) = x()f(x(t), y(1)) (1)
y'it)y = y()g(x(1),y(1) (@)

» Changes in qualitative behavior of solutions as model
parameters are modified.

» Effects of external forcing (stocking/harvesting) on system.

» Poisson random variable model of the pioneer/climax
interaction.



Probability Distribution

X(t) random variable representing number of pioneer
species individuals

Y(t) random variable representing number of pioneer
species individuals

Px.y(t) probability distribution
Pxy(t) =P(X(t) = x, Y(t) = y)
forx=0,1,...andy =0,1,...

Assumption: P, ,(t) = 0 whenever x <0or y <O0.



Transition Probabilities

If (X(1), (1)) =

(t,t+ At):

1L.P(X(t+A)=x+1,Y({t+At) =y
2. P(X(t+At)=x, Y(t+ At) =y +1
B.PX(t+At)y=x—1,Y(t+At)=y
4. P(X(t+At)=x, Y(t+At)=y —1
5. P(|X(t+ At) - X(t)] > 1, Y(t + At)
6. P(X(t+ At) =x, |Y(t+ At) — Y(1)]
7.P(X(t+A)=x,Y(t+ At)=y) =

1 — (Bx + 0x + By + 6y)At + o(At).

= 5, At + o(At
y) = o(At
1) = o(At

(x,y) then during a short time interval



Differential Equation for Transition Probabilities

+ PX_17y(t)>\X_1At + Px7y_1>\y_1At
+ Py (Dpxr1 At + Pyyia (D py 1 At

= —(Bx 4 0x + By + 9y) Puy (1)
+ Ax—1 Px71,y(t) + >‘y71 Px,yf1(t)

+ 41 Pty (1) + py 41 Pry+1(1)
dPy.y(1)

- @)

Py y(t 4+ At) — Py (1)
At




Probability Generating Function

For |r] <1 and |s| < 1 we define the probability generating
function

F(r,s,t) = Z Py, (t)r*s’

X,y:O
Note that
oF o dPxy(1)
ot Z ot rxsy
X7y:0
r P
OF =
% - Z ny,y(t)rXsy_1
X,y:o
In general
ai+jF oo -
orios > (X)i(Y)iPry(t)r s’ . @

X7.y:0



Differential Equation for the PGF

Multiply both sides of Eq. (3) by r*s¥ and sum over x and y.

= dPy (1 =
> )Zi}t/( )rXSy = = ) (Bx+0x + By + 6y) Puy(t)r*s

x,y=0 x,y=0

+ Z )\x—1Px—1,y(t)rXSy

x,y=0
o0
+ Z )\y_1PX’y_1(l‘)fXSy
x,y=0
o0
+ Z Mx+1Px+1,y(t)rXSy
x,y=0

oo
+ Z fy+1Pxy1(0)r*s”
x,y=0



Re-index Summations

Re-index the summations.

oF >
A > (Bx+ 0x + By + 8y) Pry(t)r*s (5)
Xx,y=0
+ > BxPuy(Or sy + > By Py (¥
x,y=0 x,y=0

+ > Py + > 8Py (s
x,y=0 Xx,y=0



Assumptions About the Birth and Death Functions

To simplify the differential equation for F(r, s, t) it is necessary
to make further assumptions about the functions 3y, 3y, éx, dy.
We will assume that

Ox = X
By = (1+A)y(x+ cuy)
Ox = C11X2+Xy

0y = A +Y(X+cy)



Derivation of PDE for F(r, s, t)
Making these substitutions in Eq. (5) produces

%’; = (r=1) Y xPey()r*s + A(s7 = 1) Y yPey(t)r's”
x,y=0 x,y=0

+en(r' =1) Y x2Pey (s
x,y=0

+IA+1)(s=1)+r1-1] f: xyPy ,(t)r¥s”
Xx,y=0

+cn(1+A)(s—1) i ¥2Py, (B)r*s”

Xx,y=0
+ (571 =1) D XPyPey(r's” +2¢55(s™1 = 1) > xy?Py
x,y=0 X,y=0

+S5(sTT=1) D ¥PPy(Or*.
Xx,y=0



Replace the summations on the RHS with the appropriate
partial derivatives using Eq. (4) and use the following identities:

x2 = x(x—1)+x
2 o= yly-1)+y
X2y = xy(x—1)+xy
X2 = xy(y—1)+xy

vy’ = yy-Ny-2)+3y(y—-1)+y



Simplified Form of PDE for F(r, s, t)

oF oF oF
5 = (= 1)(r—c11)8—+(022(>\+1)s—)\—C§2)(s— )5s
0?F
—c11r(r—1)ar2
+(r(s=1)(AN+1)s—2cp —1)—s(r—1)) O°F
22 oros
9?F
+C2((1 +A)s—3c2)s(s—1) -5 952
93F 0%F
_r2(g _ _1y="
re(s 1)8 295 — 2C20r5(s 1)8r852
03F
— C5,82(s — 1) = (6)

0s3



Cumulant Generating Function

Let r = eY and s = e" and define the cumulant generating

function
K(u,v,t)=InF(e" e",t).
Note that
K(0,0,t) =InF(1,1,1) = InZPXy 1¥)=In1=0,

x,y=0

and we may expand K(u, v, t) as a Taylor series about
(Uo, vo) = (0,0).



Taylor Series for K(u, v, t)

K(u,v,t) = uKy(0,0,t)+ vK,(0,0,t)

+ %uzKuu(O, 0,t) + %VZKW(O, 0,t) + uvK (0,0, t)

1
+ ;USKuuu(o, 0, t) + EVSKVVV(O7 O, t)

1 1
+ Eu2 vKuw (0,0, £) + §uv2KuW(0, 0,8)+ -



Coefficients of Taylor Series

K(u,v,t) = In D" Pyy(t)e™e”

Xx,y=0
> _q Px.y(t)xe¥e”
%(U7 v7 t) = ZXC;é/_O X’y( )
ou > xy—0 Pxy(t)et*eV
Ku(0,0,1) = Y XxPxy(t) =E[X(1)] = px(t)

x,y=0



Product Moments

py (1)
Mao(t)
Moz (1)
my (1)
M1 (t)
mya(t)
Mao(t)

mogz(t)

E[Y(t)] =

oK

50,01

PK

E[(X(1) = mx(1))?] = 55(0.0.1)

?K

E|[(Y(1) = 1y(0)?] = 5.5(0.0.1)

EIX(0) = (D)(Y() = 1y (D)) = 50(0,0,1)

E

E

E

92K

PK

(X0 = i ((Y() = 1y ()] = 555-(0,0,1)

PK

(X(0) = i)Y (1) = 1y ()] = 55 5(0.0,1)
(X(1) — ux(D))?]

(Y(0) = iy (0)°] = 5-5(0.0.1)

3
afmoo

PK



Cumulant in Terms of Product Moments

><

K(“? v, t) = (t)+ Vﬂy(t) (7)
2

1
+ U mgo(t) + *Vzmog(t) + uvm11(t)

2
13
Mao(1) + &V~ mos(1)
2 L
+5u vmoy(t) + Suv mya(t) + - --

3

+ ZUu

—_ | =N =

Convert the PDE for F(r, s, t) into a PDE for K(u, v, t).

oF _ 9K
ot ot
% — eK_U%
ar ou
% — eK_V%
0s ov

Higher order partial derivatives are readily found.



Differential Equation for K(u, v, t)

Ki = (e —1)Ku+>\(e Y — 1)K,
+C11 [ uu+ ]
+oa(1 + A) (e — 1) [KW n (Kv)ﬂ

+((e" =1+ (\+1)(e" —1)) KKy + Kuv]

+ (67" = 1) [Ku (KuKy + 2Kuy) + KuuKv + Kuuv]

+ 2022(9_‘/ - 1) [Kv (Kqu + 2Kuv) + KuKw + Kuvv]
+ ng(e—v - 1) [(KV)3 + 3Kvav + vav} (8)



Taylor Series Expansion

Expand Eq. (8) in terms of v and v using Eq. (7) and equate
coefficients of like terms on the LHS and RHS.

For terms of O(u):

du
dtx = ux(1 = Cripx — py) — My — 1My

= Ux — C11lhy2 — Mxy
= Hx = Heyyx2 — Hxy




Taylor Series Expansion

Expand Eq. (8) in terms of v and v using Eq. (7) and equate
coefficients of like terms on the LHS and RHS.

For terms of O(u):

dux
dt

= px(1 = Cr1px — pry) — My — Cr1Myg
= Hx — Ci1fy2 — Hxy
= Hx = Heyyx2 — Hxy

Comparison with deterministic model:

CZ;;—XU —CyX—y) =X —Cc11 X2 — xy



Terms of O(v)

iy

ot (1 + M) (pxy + Cozpy2) — Ay

- (szy + 2C22,U«xy2 + CSzMyS)
+ 11y (313 — 1x2) + 2C22(BpxiB — pixprye)



Terms of O(v)

duy

at 1+ )\)(Mxy + ng,uye) — Ay

- (szy + 2C22,U«xy2 + nguys)
+ 11y (313 — 1x2) + 2C22(BpxiB — pixprye)

Comparison with deterministic model:

P _

5 = (1Y (x+cay) =y — y(x + Cooy)?
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