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Department of Mathematics

MATH 365, Ordinary Differential Equations, Homework 04
February 6, 2009

Please answer the following questions. Answers without justifying work will receive no credit.
Partial credit will be given as appropriate, do not leave any problem blank. Each problem
is worth 10 points. Your completed assignment is due at class time on Monday, February 9,
2009.

1. Show that the following first-order ordinary differential equations are exact and find
their solutions in implicit form.

(a) cost cos®ydt —sint sin2ydy = 0
The ODE is exact since

0
E (cost cos? y) = cost(—2cosy siny)
Yy

= —cost sin2y

= % (—sint sin2y) .

The solution in implicit form can be written as
W(t,y) = /cost cos®y dt
= sint cos®y + h(y)

where h(y) is an arbitrary function of y.

0 d /. 2
8_yq/;(t,y) = 8_y (smt cos”y + h(y))
—sint sin2y = —sint sin2y + A'(y)
0 = H(y)

Thus h(y) is a constant. Consequently we may write the solution to the ODE in
implicit form as
Y(t,y) =sint cos’y = C.

(b) (2ye* + 2t cosy) dt + (e* — t*siny) dy = 0
The ODE is exact since
0
EW (2y e 4 2t cos y) = 2e* — 2t siny
Y
0

= o (ezt — 2 siny) .



The solution in implicit form can be written as
Y(t,y) = /Qy e* 4+ 2t cosy dt
= ye2 +t* cosy + h(y)

where h(y) is an arbitrary function of y.

0 0w
a—yw(t,y) = 8—y(ye +1* cosy + h(y))
e* —t*siny = e* —t*siny + R (y)
0 = h(y)

Thus h(y) is a constant. Consequently we may write the solution to the ODE in
implicit form as
U(t,y) =ye* +t* cosy = C.

2. Show that the following first-order ordinary differential equations are not exact, find
integrating factors which make them exact, and find their solutions in implicit form.

(a) cost cosydt —2sint sinydy =0
Taking partial derivatives we see that

— (cost cosy) = —costsiny

dy
# —2cost siny

= 5 (—2sint siny)
and therefore the ODE is not exact. We can look for an integrating factor of the
form p(t).
0 0 oL
8_y'u(t) (cost cosy) = a,u(t) (—2sint siny)
—u(t)cost siny = —2u(t)cost siny — ' (t)(—2sint siny)
w(t)cost siny = —2u/(t)sint siny
u(t) cost siny + 24/ () sint siny = 0
WD+ Sl = 0
Vet [u () + C‘jtu(t)] =0

= +/csct



Now we can see that

e csct(cost cosy) = —+v/csctcost siny
Y
= +Vcsctceost siny — 2V csctcost siny
csct cott, .

= ———(sint siny) — 2V csctcost siny

yveset

csct cott
= — (—2sint siny) + Vesct(—2 cost siny)

2v/csct

0
= —+esct(—2sint siny)

ot
and the ODE is now exact. We can write the solution in implicit form as
Y(t,y) = —2/\/csctsint siny dy
= 2Vsintcosy + h(t)

where h(t) is an arbitrary function of ¢.

| ©

%W@?ﬁ = t(2\/sintcosy+h(t))

Vescteost cosy = Vesctcost cosy + B (t)
0 = h(t)

)

Thus h(t) is a constant. Consequently we may write the solution to the ODE in
implicit form as

W(t,y) = 2Vsintcosy = C.

(" +te!)dt+teV dy =0
Taking partial derivatives we see that

%(et—i-tey) = teY
£ o

0
Y 4oy
5 (te?)

and therefore the ODE is not exact. We will look for an integrating factor of the
form p(t).

200 (¢ 1) = e e



t
% [te_t,u(t)} =0
tetu(t) = 1
L,
u(t) = €

We can now check that after multiplying by the integrating factor, the ODE is
exact.

(%%et (et + tey) = e'e?

We can write the solution in implicit form as
1
Uity = [ e te) dy

= /etey dy

= e'e +h(t)

where h(t) is an arbitrary function of ¢.

0 0y,
2 V(ty) = a(ee +h(t))
1
get (et + tey) = e'e’ + I/(t)
%62t+6t6y = eV + n'(t)
%6215 — h/(t)
t1 2s
h(t) = /lge ds

Consequently we may write the solution to the ODE in implicit form as

t]
U(t,y) = e'e? +/ —e*ds = C.
1S



3. Calculate the first four terms of the sequence of successive approximations to the initial
value problem

dy 2 2
_< — t
dt tY

y(0) = 0.

If ¢o(t) = 0 then
o(t) = /Ot (s*+0?) ds

t
= / s?ds
0

1
= -4
3

Po(t) = /Ot <s2 + Esgr> ds
= /Ot (.92 + %sﬁ) ds

1 1
—t3 4+ —¢"
3 + 63

o3(t) /t 2—|—[153—|— 1312 d
= S — R
3 0 3% 753 s
' 1 2 1
2 6 10 14
= RS L S E) I
/0 (S T9% T 180" T 3060° ) s
1. 1 9 1
I8 T 1 415
5" T 63" T2079" T 50535




