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MATH 365, Ordinary Differential Equations, Test 2

October 29, 2008, 2:00-2:50PM

Please answer the following questions. Show all work and write neatly. Answers without
justifying work will receive no credit. Partial credit will be given as appropriate, do not leave
any problem blank. The point values of problems are indicated in parentheses.
1. Consider the second order linear ordinary differential equation,
2 2
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(a) (4 points) Verify that y;(¢) =t + 1 is a solution to the ODE.

Yy 5y = 0.

(t+1) = (0)

2
(t+1)" — t—(t+1)’+

2
+1 (t+1)2

Thus y;(t) =t + 1 is a solution to the ODE.

(b) (8 points) Using reduction of order, find a second linearly independent solution
to this ODE.

We will assume that ya(t) = v(t)y1(t) = v(t)(t + 1) is a solution to the ODE.

0 = ()(E+ 1) = SO0+ 1) + G+ D)

t+
— )+ 1)+ 20 () — ti W0+ 1) + o) + ti (1)
= ) 1)+ 20(F) — 20/(8) — t%u(t) + ti ()
— B+ 1)
0 = o"(¢)

Thus v(t) = At and yo = t(t + 1) = > + ¢.



2. (10 points each) Find the general solutions to the following ordinary differential equa-
tions.

(a) 2y" =5y +2y =0
The characteristic equation is

2 —5r+2 =
2r—1)(r—-2) =0

which implies r; = 1/2 and 5 = 2. Thus the general solution to the ODE is

y(t) = cre'’? + cpe?.

(b) y" — 6y’ + 13y = 3 *
The characteristic equation is

22— 6r4+13 = 0
6 /36—4(1)(13)
r= 2
— 349

which implies the complementary solution is
y.(t) = €% (cy cos 2t + ¢y sin 2t).

We may find the particular solution using the method of undetermined coefficients.
Assume that Y (t) = Ae™% then

4Ae™ — 6(—2)Ae * + 1347 = 37

4A+12A+13A = 3
294 = 3
4=
29

Thus the general solution to the ODE is

3
y(t) = € (c; cos 2t + ¢y sin 2t) + 2—96_%.



() ¥ +2y +y=0
The characteristic equation is

P r2r+1 =
(r+1? = 0
thus the roots are r; = ro = —1. The general solution to the ODE is

y(t) = cre™" + cote™.

(d) v" =2y +y=Int
The characteristic equation is

r’—2r+1 =
(r—12% =
thus the roots are r; = ro = 1. The complementary solution to the ODE is
y(t) = cre’ + eote'.

We may find the particular solution using the method of variation of parameters.
Note that W (yy,y2)(t) = €* and thus

(Int)te!
) = — T

= —(Int)te™’
wi(t) = —/l(lns)se_sds

and

, (Int)et
/"LZ(t> = th

= (Int)e™*

o) = [ nsjeas.

Therefore the general solution to the ODE is

t t
y(t) = cre’ + cote! — et/ (Ins)se™*ds + tet/ (Ins)e™*ds.
1 1



3. Suppose that an object of mass m = 1 kg is attached to a spring with spring constant
k =100 N/m. The coefficient of damping in the spring/mass system is v = 6 N/m/sec.
The mass is set into motion from its equilibrium position with an upward velocity of
2 m/sec.

(a) (6 points) Write down the initial value problem describing the displacement of
the mass.

Let u(t) denote the displacement of the mass from its equilibrium position.
u” +6u’ +100u = 0
u(@) = 0
u'(0) = =2

(b) (10 points) Solve the initial value problem just found.
The characteristic equation is

r?4+6r+100 = 0
—6 4 /36 — 4(1)(100)
2
= —3+9L.

Thus the general form of the solution is
u(t) = e (1 cos V9Lt + ¢y sin VI1t).
Applying the initial conditions we find
u(0) =0=¢

T =

and

W'(t) = e (=3cysin V91t + c,v/91 cos VI1t)

u'(0) = —2=cV91
2
= ———

Nk

Thus the solution to the IVP is

2
u(t) = —\/ﬁe_gt sin V91t



(¢) (4 points) What is the quasi—frequency of the spring/mass system?

A2
VAmk =" e

2m

The quasi-frequency is

M:

(d) (4 points) If the spring/mass system is modified so that there is no damping
present and then subjected to an external force of the form Fjcoswt, for what
value of w will resonance occur?

If v = 0 then resonance occurs when w = wy, in other words when

/100
w 1 0



4. (8 points) Determine whether the following pair of functions is linearly independent
for —oo <t < 0.

y1(t) =sin®t,  y,(t) =1 — cos 2t

According to the Wronskian

.9
sin“ ¢ 1 —cos2t
Wnw)t) = | 9gitcost  2sin2t

2sin?tsin 2t — (1 — cos 2t)2sin t cos t
= 2sin®tsin2t — (1 — cos 2t) sin 2t
= (2sin’t — 1 + cos 2t) sin 2t
= (1 —cos2t — 1+ cos2t)sin 2t

0,

which implies the functions are linearly dependent for —oo < t < oo.



5. (8 points) Solve the following ODE by means of a power series solution about t, = 0.
You must state the recurrence relation and the first four terms in each of two linearly
independent solutions.

24+ t3)y" —ty +4y =0

If we assume that y(t) = Zant", differentiate the solution and substitute into the

n=0
ODE we obtain
0 = (2+1t9) Zn n—1)a,t" > —thant" ! +4Zant”
n=2 n=1 n=0
= Z 2n(n — 1)a,t™ 2 + Z n(n — 1)a,t" — Z napt" + Z dant"
n=2 n=2 n=1 n=0

= i 2(n+2)(n 4+ Dayot™ + i n(n — 1)a,t" — i na,t" + iélant"
n=0 n=0 n=0

n=0

WE

(2(n+2)(n + 1)ans2 + (n* = 2n + 4)a,) t"

3
Il
o

n® —2n+4
2(n+2)(n+1)

Ap42 ap,

as the recurrence relation.

Assuming ag = 1 and a; = 0 then according to the recurrence relation 0 = a4 1.

ay = —%ao =—1
4 1
G = —502=c
. 16-8+4 1
@ T TTe)6G) T T30
Hence one solution is 4, (t) = 1 — t* + 6t4 30156 + -+ Assuming ag = 0 and a; = 1
then according to the recurrence relation 0 = ao,,.
1-2+44 1
“ S T mm T
ool 90k T
2(5)(4) 160
25-10+4 19
T TTome) T 1920

1 7 19
Hence another solution is yo(t) =t — =3 + —1°

_ 7 DR
4 160 1920t L



6. (8 points) Show that ¢y = 7/2 is an ordinary point for the following ODE. If y(t) =

Z an, (t — g) is a power series solution to the ODE, what is a lower bound for the

n=0

radius of convergence of the series?

(sint)y” —ty' +2y =0

The value ¢y = 7/2 is an ordinary point for the ODE since sin7/2 = 1 # 0. The radius
of convergence of the power series is at least as large as the minimum distance from
to = m/2 to any solution of sint = 0. This implies a lower bound for the radius of

convergence is p = /2.



