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Please answer the following questions. Show all work and write neatly. Answers without
justifying work will receive no credit. Partial credit will be given as appropriate, do not leave
any problem blank. The point values of problems are indicated in parentheses.

1. (5 points each) Solve the following first order differential equations and initial value
problems.

(a) y′ = e2t + 3y

(b) y′ =
t2 − 1

y2 + 1
, y(−1) = 1



(c) (x + y)dx + (x + 2y)dy = 0, y(2) = 3

2. (5 points each) For each of the following ordinary differential equations find the equi-
librium points and determine whether they are stable or unstable.

(a) y′ = k − απ
(

3a

πh

)2/3

y2/3, constants k, α, a, and h are all positive.



(b) y′ = (k − αa
√

2gy)/A, constants k, α, a, A, and g are all positive.

(c) y′ = r(1 −

y

K
)y − Ey, constants r, E, and K, are all positive with E < r.



3. (5 points) The radioactive isotope of Strontium, 90Sr decays at a rate proportional to
the amount of 90Sr present. Its half-life is t1/2 = 28.5 years. 90Sr is produced during
the detonation of nuclear weapons. In 2004 at the site of a nuclear test which took
place in 1956, the concentration of 90Sr is found to be 0.143 milligrams/m2. What was
the concentration of 90Sr at the test site immediately after the nuclear detonation?

4. (8 points each) Solve the following second order linear differential equations and initial
value problems.

(a) y′′ + y′ + 4y = 0, y(0) = 1 y′(0) = 0



(b) y′′ + 2y′ + y = e−2t

(c) y′′
− 9y = 0, y(0) = 0 y′(0) = 1



(d) x2y′′ + 4xy′ + 2y = 0

(e) y′′ + 4y = sec2 2t



5. (5 points) Newton’s Law of Cooling states that the rate of change of temperature of
an object is proportional to the difference between the temperatures of the object and
its environment. If the temperature of a pizza straight from the oven is 350◦F and the
environment has a temperature of 80◦F, write down an initial value problem for the
temperature T , of the pizza as a function of time t. Please state clear any assumptions
you make about the algebraic sign (positive or negative) of the proportionality constant.

6. (5 points each) Consider this example of the Laguerre differential equation,

xy′′ + (1 − x)y′ + y = 0.

(a) Show that x0 = 0 is a regular singular point for this ordinary differential equation.



(b) Using power series techniques, find a solution y1(x) to the Laguerre equation.
State the first four terms in the power series solution (unless the series terminates
sooner).



(c) Using reduction of order, set up a first order linear ordinary differential equation
which can be used to find a second linearly independent solution y2(x) to the
Laguerre equation. You do not need to solve this differential equation.



7. (5 points) A mass of 10 kg is stretches a spring 3.5 cm. The motion of the spring/mass
system is damped by a frictional force with damping coefficient γ. Determine the value
of γ for which the system is critically damped. State the units of measurement used
in the value of γ you find.


