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Intr oduction

=

Arbitra ge arises from mis-priced nancial instruments.

Example 1
® CostCo sells 100 stamps for $36.75.

® USPS sell 100 stamps for $37.00.
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INntuitl ve ldea

o .

Imagine we will bet on the outcome of an experiment.
The Arbitra ge Theorem states that either the probabillities of
the outcomes are such that

#® all bets are fair, or

# there is a betting scheme which produces a positive
gain independent of the outcome of the experiment.
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Odds
| o

The odds against an outcome X are related to probabillities
of the outcome according to the formula:

m

n:magainst =) P(X) = — n:

The odds for an outcome X are related to probabilities of the
outcome according to the formula:

n "
m+n

n:minfavor =) P(X) =

For a wager of m dollars on a event X with odds against of

n : m, If X occurs, we win n dollars, otherwise we lose our

Linvestment. J
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Example

=

Suppose the odds against player A defeating player B in a
tennis match are % . 1 and the odds against player B

defeating player A are 3 : 1.
P(Awins) = 0.4 and P(B wins) = 0.7

Betting strategy: wager 1on player Aand 2 on player B.

# A wins: lose 3=2 on the rst bet and gain 2 on the
second, net gain of 1=2.

# B wins: gain 1 on the rst bet and lose 6=7 on the
second, net gain of 1=7.
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Linear Programming

=

Let X = hxq1;X2:::::Xpl be a column vector in which x;j O

elements).

Let A beanm n matrix.

We say that x Is feasible If AX = b.

If ¢ is a row vector of n components, then we de ne

C X=CX1+ CXo+ + ChXn

to be the cost function .
We want to minimize the cost function over all possible fea-

sible x.

o -
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Example

o -

Minimize 5x; + 4x2 + 8x3 subjectto X1 + X2+ xz3= land x Is
feasible.
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Slack Variables
-

Some optimization problems may include inequality
constraints . If the constraints of the previous example had
been x1 + X2+ x3 1and x feasible, then the set of points
where the minimum must be found would resemble a
tetrahedron with vertices at (0; 0; 0), (1;0; 0), (0; 1;0), and
(0;0; 1).

Inequality constraints can be converted to equality
constraints by introducing slack variables. Thus

X1+ Xo+ X3 1 becomes x1+ Xo+ X3+ X4= 1.

where x4 0 and “takes up the slack” to produce equality.

What is the minimum of the cost function in the previous

Lexample subject to the inequality constraints? J
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Vector Inequalities
- -

#® We say that vector u is less than (less than or equal to)

vector v if the vectors are both elements of R kK and
ui < vi (uyy wvj)fori=1,2:::;k.

# Similarly we will say that vector u is greater than

(greater than or equal to) vector v if u; > v; (u; v;) for
1= 1:2::::: k.

These inequalities will be denoted as appropriate u < v,

u v,u=yv,oru V.

o -
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Dual Problems

o .

For every linear programming problem of the type
discussed above, there is an associated problem known as
Its dual. Henceforth the original problem will be known as
the primal . These paired optimization problems are related
In the following ways.

Primal . Minimize ¢ x subjectto Ax = b and x Is feasible.
Dual: Maximizey b subjecttoyA c.
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Observations

=

Primal . Minimize ¢ x subjectto Ax = b and x Is feasible.
Dual: Maximizey b subjecttoyA c.

Note:
1. Unknown of dual is row vectory 2 Rt ".

2. Vector b moves from constraint of primal to cost
function of dual.

3. Vector ¢ moves from cost of primal to constraint of the
dual.

4. Constraints of dual are inequalities and there are n of
them.

5. There is no feasibility constraint (i,e. noy  0) in dual.
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Weak Duality Theorem
-

Theorem 2 (Weak Duality Theorem) If X and Yy are the unknowns of T
the primal and dual problems respectively, theny b Cc X. If
y b = c X then these vectors are optimal for their respective problems.

o -
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Example

=

Primal : Minimize 4x, + 3X» subject to x1 + xo = 2 and
X1:X2 0.

Dual: Maximize y, subjecttoy, 3andy, 4.

constraints

-
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Mor e on Duality

o .

When x and y are optimal for their respective problems
then

y b=yAx = ¢ X
c x y Ax = 0

c X (YA) x = 0
(c YyA) x = O

Theorem 3 Optimality in the primal and dual problems requires either

o -
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Example

=

Primal : Minimize ¢ X = X1+ 2X2 + 7X3 + 3X4 Subject to
Xj Ofori=1234and

2 3
# X1 " H
1 1 10§xzz: 5
2 0 1 1 X3 3
X4

Dual: Maximizey b = 5y; + 3y, subject to
! # :
h 11 10 1 |

1 2 7 3
Y1 VY2 >0 1 1
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Example (cont.)

o .

Dual: Maximizey b = 5y; + 3y, subject to

. # .
" | 11 10 hl 2 7 3I
Y1 Y2 >0 1 1
Constraints of the dual:
yi  2y2 1
Y1 2
Y1+ Y2 7
Y2 3
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Example (cont.)

-yl+y2=7

y2
| I I |
o AN o M DM O O ©

215 -125 -10 -75 -5 25 0 25

Maximum of the cost function for the dual occurs at the
point with coordinates (y1;y2) = (2;3). Maximum value is 19.

Where does strict equality hold in the dual constraints?

-
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Example (cont.)

o .

First and third components of x in the primal must be zero.
Primal can be restated as

Primal : Minimize 2x» + 3x4 subjecttox; Ofori = 2,4

and
2 3
" R S
1110§x22_ x2 5
20 1 1 05 x4 3
X4

By inspection xo = 5 and x4 = 3. Minimum of the cost

function for primal is 19 and occurs at point with coordinates

L(Xl;XZ;XS;X4) = (0;5;0; 3). J

Arbitrage - p.1i



Duality Theorem

o .

Theorem 4 (Duality Theorem) If there is an optimal X in the primal,
then there is an optimal Y in the dual and the minimum of C X equals
the maximum ofy Db.

Remarks:

# Dual problem has a dual — namely the primal.
Symmetric form of the Duality Theorem: if either the
dual or the primal has an optimal solution vector then so
does the otherandc x =y b.

# If the primal has an inequality constraint Ax b in
place of the equality constraint Ax = b, then the dual
possesses the extra constrainty 0.
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Remarks (cont.)

o .

Introducing slack variables xs in the primal. The primal in
matrix form now resembles

h T
A I =Db
Xs
while the dual becomes
h I h i
y A I c 0 :

This implies the two vector inequalities yA cand vy
O, y O.

o -
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Remarks (cont.)

o .

The symmetric form the primal/dual pair can be stated as
follows.

Primal . Minimize ¢ x subjectto Ax bandx O.
Dual: Maximizey b subjecttoyA candy O.
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Assumptions and background:

o

o

Arbitrage Theorem

=

Experiment has m possible outcomes numbered 1
through m.

We can place n wagers (numbered 1 through n) on the
outcomes.

rij Is the return for a unit bet on wager i when the
outcome of the experiment is j .

Component x; Is the amount placed on wager i.

Return from a betting strategy is i, Xirj; .
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Fundamental Theorem of Finance

o .

Theorem 5 (Arbitra ge Theorem) Exactly one of the following is true:
either

Xrl -
yjrij =0, forit=1,2;:::;n,0r
j=1
(2) there is a betting strategy X = (X1; X2;:::;Xp) for which
X] .
Xjirij > 0; for) = 1,2;:::,m.
i=1
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