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Intr oduction

-

(1) ur = f(u)+g(x;t)+ D u  on 0;1)

=

Initial-boundary value problem:

@ %(x;t) -0 on@ (©1)

(3) u(x;0) = ug(x) on

# Reaction-diffusion equation's solution converges to a
spatially homogeneous solution

# Analysis of the asymptotic behavior simpli ed

o -
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Goal

o .

# Find solution to a system of ODEs with spatially
averaged reaction terms.

® Show this solution Is stable as a solution to the
reaction-diffusion equations.

# Show that when the diffusion coef cients are suf ciently
large, solutions are asymptotically homogeneous in

o -
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Spatially AveragedEquation

-

(4) Vi = f(V)Z+ g(t) fort > 0
1
(5) v(0) = i Uo(X)d
where . 7
g(t) = i g(x;t)d

and | jIs the measure of the spatial domain

.
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Stability

fDe nition 1 A bounded solution v(t), to (4) and (5) will be T

said to be stable as a solution to (1) and (2) if for every > 0
there existsa > Oand atime T > 0 such that

ku(x;0) Vv(0)k 2y <
iImplies
ku(x;t)  v(t)kLz()

forallt T, where
Z

k kf2y = h;id

o -
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Stability Result

o .

Theorem 2 Suppose there exists a compact positively
iInvariant region R" for (1) with ug(x) 2 and suppose
v(t) Is a solution to (4) such that there exists a positive

constant  for which Hy (v (t))w; wi jwj° forallw 2 |
then If d, the smallest diffusion coef cient of D is suf ciently
large, v (t) Is stable as a solution to (1) and (2).

o -
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Outline of Proof

o .

1. Bound the deviation of the solution to (1)—(3) from its
spatial average over domain

2. Bound the deviation of the spatial average from the
solution to (4) and (5).

3. Use the Minkowski inequality to combine those two
bounds into a bound on the deviation of the solution to
(1)—(3) from that of (4) and (5).
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Spatially AveragedSolution

o .

Spatial average of solution to (1)—(3) Is
Z
um=jj* uxnd ;

Solves the following initial value problem for t > O.
1 Z

(6) u = f(m+gt)+.— f(u) f©d

. ~ ] )

7 Uo(x)d

(7) u(0)

o -
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Energy Method
-

Let (t) = (1=2)ku(x;1t) U(t)kfz() , then
V4

huy Ug;u Ul d
/

HF(u) f(U;u uid +
/

hg(x;t) g(t);u Tid +

Z Z
1

J

d
dt

f(uy f(ud ;u Uw d
Z



Diffusion Integral

o .

Z Z
D u,u uid = r (u w);r (u uU)d

L2
dkr (u u)kLz()

Since U Is Independent of x, by Green's rst identity, and
the boundary conditions of equation (2). Then

Z
(8) D u;u Tid d ku Tkiy = 2d (1);

IS the smallest positive eigenvalue of with homoge-

neous Neumann boundary conditions on .
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ReactionTerm Integral

o .

) f@u i fw) H@P2+ Sju o7
2
ou e S o

where M = m2a><fj fujg. Thus the integral below involving the
u

reaction term of (1) obeys the inequality:
Z

9) H) f@;u Tid (M?%+1) (1):

o -
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Forcing Term Integral

o .

BOGY) g U Ljatt) g+ Hju o)

Components of g and g are periodic int, and g Is
continuous In x, thus there exists K > 0 such that

. V2 2.
kg(x;t)  G(t)k2(y K “:

Therefore
VA 2

(10) By g gid S (@

o -
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AveragedIntegral

-

Z Z
f(uy f(u)d ;,u Ut d =
Z Z
(11) f(uy f(u)d; uv ud =20

Finally we have
(12) z_t+ 2d M? 2) (1) K-
let =2d M2 2

.
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Differ ential Inequality

o .

Integrating (12) with respect to time over the interval [0; t]
produces

L T(0)k? L+ K 1 t
(t) > uo(x) UT(O)k{2(, € 2—( e )

or equivalently

K2
(13) ku(x;t)  T(t)kfs)  kug(x) T(O)k{,y e '+ —:

o -
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2nd Step
-

Dene (t) = (1=2)ju(t) v(t)j2

d— = Wy veUu Vi
dt -
1
ja vj2+j—j f(uy f(@d ;T v
+hf(a) f(v) fu(v)(U v), o vi
For every > Othere exists an ( ) > Osuch that if

jU  vj?< 2 then

jnf(@)  f(v) fyu(v)(Uu v),u vij<§jU Vj?:

.
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-

-

Note (0) = Oand (t) is continuous. There exists tg > O for
which (t) < onthe interval [O;tg). Thus

V4 2

d 2 4 — )+ —— i) f)jd

dt j 2]

Choose = j j= j+ 1), use Jensen's inequality, and the
iInequality in (13), then on the interval [O; tg),

LE

dt
2(7 2
14) MU T+ D o) a0y e '+ ke

-
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-

LetN?= (M?=)1+j j 1). Thenfor0 t< to,

2
1) () kot TR (e 1 oe O+
K 2N 2 |
5 1 e Y:

Choosed> ( + M?+ 2)=(2 )then > > 0and
O<e ( ) 1forallt O. Thusfort 2 [0;tg)

N2

(16) ju(t) v(b)j?

.

kug(X) u(O)kLz() e '+

K 2N 2

-
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SeparationNorm

o .

By a rst-time argument the previous inequality holds for all
t 0. Hence

N% ]

Ku(t)  v(DkEs, kuo(x) T(O)k{z, e '+

K°N?j ]

Separation of solutions (1)—(3) from the solutions of (4) and
(5) Is governed by

ku(x;t) v(t)kezy  Aikuo(x) Vv(0)k 2y & T2+ A,

Lwhere A1 and A, are positive constants. J
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Effects of Forcing

fPDE:

(17) ur = f(u)+gx;t;p)+D u

(18) u(x;0) = up(x) on

Spatial average:
(19) Vi

(20) v(0)

Temporal average:

(21)

L(ZZ) w (0)

f(v)+ 9(t;p)

1

— UO(X) d

J

f(w) + A
v(0)

on

0;1)
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SeparationResultfor Equilibria

o .

Theorem 3 If f 2 CY() where R" and e is a stable
hyperbolic equilibrium of (21), and if g = hgy;:::; 9,1 where

exists a compact positively invariant region R" for (17)
with ug(x) 2 and if v(t) is a solution to (19) such that there
exists a positive constant  for which H (v(t))z; zi jzj?
forallz2 ,then when the smallest diffusion coef cient of
D is suf ciently large, e Is stable as a solution to (17) with
homogeneous Neumann boundary conditions.

o -
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SeparationNorm

o .

ku(x;t) ek z() Aikug(x) Vv(O)kizy e TE+ A+

X
By | pikgiky +
=1

Baj i*jv(0) eje

o -
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SeparationResultfor Periodic Orbits

-

Theorem 4 Suppose f 2 C() where R" and w(t) is
an asymptotically stable periodic solution of (21). Let the

positively invariant region R" for (17) with ug(x) 2

and suppose v(t) is a solution to (19) such that there exists
a positive constant for which Hy (v (t))z; zi jzj* for all
z 2 . Then when the smallest diffusion coef cient of the
diagonal diffusion matrix is suf ciently large, w(t) is stable
as a solution to (17) with homogeneous Neumann
boundary conditions.

-

Forcing of Solutions to Reaction-Diffusion Equations With Applications to Population Models — p.2:



Example

=

ur = u(l cuu V) + qu(Xt) + Dilxx
Vi = V(05 u cov)(u+ v 1.5)+ go(X;t) + Dovyy

Zero- ux boundary conditions are assumed.
® C11= 11, coo = 0:35

® D;=1Dy= 1=

® andg; =g =0.

Asymtotically stable equilibrium solution

e (0:24390:7317)

-
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(b)Ast! 1

The solution to a set of reaction-diffusion equations expo-

nentially approaches a constant equilibrium solution.

o -
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Hopf Bifur cation

-

As c11 IS decreased to 1.05, the equilibrium solution T
undergoes a Hopf bifurcation. Nearby an attracting periodic
orbit appears.

Harvesting u at the constant rate of 0:1 over all of  will
restabilize an equilibrium ate (0:382Q0:3371)

The system can be brought back near the equilibrium point
with time-periodic harvesting that is nonuniformly distributed
In space and whose average over and a period is 0:1.
Let gi1(x;t) = 0:658@ (x)( 0:1+ 0:05cos2 t) where B(x) Is a
C! (R) “bump function”.

o -
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Graphs

(a) Spatially varying, periodic forcing (b) Constant forcing

Comparison of the asymptotic separation of solutions of sys-

tem of reaction-diffusion equations subject to varying and

constant forcing.
- o
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